We develop a theoretical formalism for the study of light-induced motion of atoms trapped in a two-dimensional (2D) array, considering the effect of multiple scattering of light between the atoms. We find that the atomic motion can be described by a collective diffusion equation, wherein laser-induced dipole-dipole forces couple the motion of different atoms. This coupling leads to the formation of collective mechanical modes of the array atoms, whose spatial structure and stability depend on the parameters of the illuminating laser and the geometry of the 2D array. We demonstrate the application of our formalism for the analysis of light-induced heating of the 2D array. The presented approach should be useful for treating the optomechanical properties of recently proposed quantum optical platforms made of atomic arrays.
I. INTRODUCTION
The study of the motion of atoms under the influence of light has lead to major breakthroughs in modern atomic and optical physics. The many applications of laser-induced cooling and trapping of atoms [1, 2] include the creation and study of Bose-Einstein condensation of atoms [3] [4] [5] [6] , the exploration of interacting quantum gases and many-body systems [7] [8] [9] [10] , and atom-based quantum optics and information [11] .
The standard description of atomic motion under laser illumination treats each atom separately, by considering only the individual-atom response for light [1] . Therefore, effects related to the scattering of light between different atoms, that is, dipole-dipole interactions, are typically neglected. Such a treatment is valid in cases where faroff-resonant light is used, such as in the trapping of atoms in optical lattices. For a dense enough atomic media, however, and in particular when resonant light is shined, collective dipolar effects become increasingly important [12, 13] .
An interesting arena for the exploration of the role of collective dipolar effects is that of ordered atomic arrays. Recent studies have shown how collective dipolar effects can be harnessed for the design of non-trivial responses of atomic arrays to light [14] [15] [16] [17] [18] [19] [20] [21] [22] . The main idea is that dipolar interactions between the atoms lead to the formation of collective dipole excitations supported by the atom array. The resonant frequencies of these collective dipolar modes, are shifted from the "bare", single-atom resonance, due to the dipole-dipole interactions. For light at cooperative resonance, namely, at resonance with the collective dipole modes, it was found that a two-dimensional (2D) atomic array can act as a perfect mirror [14, 15] , couple collimated light to a single atom [14] , support topological photonic modes [16] [17] [18] , and enhance quantum memories and clocks [19, 20] . All of these previous works rely on the collective response of the internal (dipolar) states of the atoms, and their influence on the propagation of light. However, dipolar interactions can also lead to light-induced collective effects in the external, motional degrees of freedom of the atoms [23] [24] [25] [26] [27] [28] [29] [30] , which were not considered for such atomic arrays.
The purpose of the present study is to develop a quantum-mechanical formalism for the description of collective mechanical effects of 2D atomic arrays under laser illumination. Specifically, we consider the longitudinal motion of atoms trapped in a 2D optical lattice, under the influence of a continuous illumination at normal incidence (Fig. 1a,b) , and neglecting saturation of the atoms. We find that the dynamics of the atoms are governed by a collective diffusion equation, wherein atoms with a renormalized internal-state response (cooperative resonance) are motionally coupled via laser-induced dipoledipole forces (Fig. 1c) . These laser-induced interactions then lead to the formation of collective mechanical modes of the atoms, whose spectrum and spatial structure are determined by the parameters of the laser and the array. Some of the peculiar collective mechanical effects we find are the possibility for gapped or unstable mechanical modes. The analysis is applied to study the thermalization and heating of an atom array under illumination.
The formalism developed here can be seen as a generalization of the single-atom theory of Ref. [1] to the quantum-mechanical treatment of the motion of an atomic array, wherein multiple scattering of light between the atoms is significant. Our results are useful for the analysis of the influence of light-induced motion, on the quantum optical applications of atom arrays studied previously [14] [15] [16] [17] [18] [19] [20] [21] [22] , and even more so, to the exploration of new opportunities for optomechanics using ordered atomic arrays.
Outline.-The main general result, of a collective diffusion equation for the array atoms, is presented and explained in Sec. IV D; readers not interested in its derivation may skip the preceding sections. The rest of the paper is organized as follows. In Sec. II, we present the model and derive general equations of motion for the internal and external degrees of freedom of a general collection of atoms, and without neglecting their photonmediated interactions. In Secs. III and IV we further consider our main assumptions of small-amplitude mo- The dynamics of an atom n is characterized by its internal-state,σn, and its longitudinal motion inside the trap,ẑn (assuming tight trapping, and hence fixed positions, along xy). (c) Laser-induced dipoledipole forces couple the motion of different atoms ("spring constant" Knm). Together with the optical-lattice traps of individual atoms (black "spring constants" νn), the resulting spring model in the figure describes the conservative part of the dynamics captured by Eq. (29) .
tion around a 2D array geometry and the separation of internal-external time-scales, respectively, arriving at the collective diffusion equation (29) . Section V is devoted to the analysis of the resulting collective mechanical modes of the array. As an application of our formalism, we study in Sec. VI, the durability of the atom array under illumination, by considering the resulting heating of the array atoms. Our conclusions are finally presented in Sec. VII.
II. ATOMIC EQUATIONS OF MOTION
The main result of this section is the coupled Heisenberg-Langevin equations for the internal and external atomic degrees of freedom, Eq. (2). Starting with the general atom-photon Hamiltonian and eliminating the photon modes (Markov approximation), no assumptions are made at this stage, on the polarization or propagation direction of the exciting continuous-wave laser. The role of dipole-dipole interactions and forces, Eqs. (4) and (5), is emphasized.
System and Hamiltonian.-Consider N identical atoms with a J = 0 to J = 1 transition, such that each atom has a ground state |g and three degenerate excited states |e i (with i = x, y, z the polarization axes). The atoms form a 2D lattice in the xy plane, in which they are tightly trapped and assumed motionless along the xy directions. The trapping along the longitudinal zaxis is taken to be finite however, with a trap frequency ν n and longitudinal coordinateẑ n and momentump n for an atom n = 1, .., N . The atoms are illuminated by a continuous laser at a frequency ω L and field amplitude E 0 (r)e −iω L t = q e iq·r e −iω L t E 0,q , where the notation q means that the sum on the spatial Fourier components, E 0,q , is constrained by |q| = q = ω L /c. The Hamiltonian in the rotating-wave approximation is
−iω L tσ † ni + h.c. ,
Hereσ ni = |g n e i | is the lowering operator of the i = x, y, z atomic transition, |g → |e i , of an atom n with transition energy ω a . Ω i q = de i · E 0,q / is the q spatial component of the Rabi frequency acting on the i atomic transition with dipole matrix element d (taken identical for all i = x, y, z). The atomic coordinate,r n = (r ⊥ n ,ẑ n ), appears as an operator via its longitudinal componentẑ n , whereas the in-plane positions r ⊥ n are fixed. The bosonic operatorsâ kµ describe the photon vacuum modes with wavevector k and polarization µ, whose dipole couplings to the atomic transition i = x, y, z is given by g i kµ = ω k /(2ε 0 V )de µ ·e i , with V the free-space quantization volume.
Vacuum field as a reservoir.-Moving to the laserrotated picture and using standard methods, we obtain the Heisenberg-Langevin equations of motion for the atomic operators. This is performed as usual by the Markov approximation: taking the assumption, τ s 1/ω L , c/L, with τ s being a typical time-scale for the evolution of atomic degrees of freedom, and L being the linear extent of the atomic system, the photon vacuum variables can be eliminated and the resulting equations of motion for the atomic variables read (Appendix A)
Hereσ ni =σ ni e iω L t is the slow envelope of the internal dynamics, δ L = ω L − ω a is the laser detuning (with the Lamb shift absorbed into ω a ), and
3 ) is the spontaneous emission rate evaluated at ω L . The corresponding Langevin noise due to the photon vacuum is given by i kz e ikzẑn δΩ i kz,n (t), with
Here δΩ i kz,n (t) is the k z component of the plane-wave expansion of the Langevin noise, whereâ kµ =â kµ (t = 0). The force due to photon recoil from the laser and vacuum appears in the equation forp n via the photon momenta along z, q z and k z , respectively, with q z = e z · q and k z = e z · k.
Dipole-dipole interactions.-The equation forσ ni includes the interaction term with all other atoms m via the complex interaction kernel,
where λ = 2πc/ω L is the laser's wavelength. Here G ij (ω, r) is the dyadic Green's function tensor of the electromagnetic field in free space [31] [Eq. (A2), Appendix A], where Γ ij nm and ∆ ij nm are related to its imaginary (cooperative dissipation) and real (dipole-dipole interaction) parts, respectively. The appearance of the dipole-dipole interaction term is analogous to the multiple scattering of electromagnetic fields between the atoms, which lead to cooperative scattering phenomena. Dipolar interactions lead additionally to the force term in the equation forp n with the interaction kernel
This term describes the force acting on atom n due to the pressure impinged by laser photons scattered off by the atom m. This will become clearer in the following, when we relate this force to the laser-induced dipole-dipole interaction potential [32] [33] [34] built between the atoms n and m. The explicit expressions for both G ij (ω, r) and A ij (r) are given in Appendix A.
III. SMALL-AMPLITUDE MOTION
In this section we exploit the ordered lattice structure of the atomic array, in order to simplify the atomic equations of motions. The main assumption taken here is of atomic motion that is sufficiently small for the 2D lattice structure to stay roughly intact. More precisely, we assume small differences in the longitudinal translations of different atoms, as expressed in Eq. (6) below. This assumption allows to exploit the discrete translational symmetry of the 2D lattice. For simplicity, we further assume two-level atoms polarized along the 2D lattice plane (xy), illuminated by weak (non-saturating) paraxial illumination along z. The main result is the atomic equations of motions, Eqs. (15) and (16) .
A. The small-amplitude assumption
For the consideration of small-amplitude motion around the 2D lattice positions r ⊥ n at z = 0 , we assume small differences in atomic positions,
The validity of the assumption (6) should hold throughout the dynamics described below. This assumption allows to consider Eqs. (2) to linear order in q|ẑ n −ẑ m |, which affects the dipole-dipole kernels as follows. The force kernel A ij (r n −r m ) has a vanishing zeroth order and we obtain [see Eqs. (A4) and (A5)],
with F ij nm given in Appendix A [Eqs. (A4) and (A5)]. For the interaction kernel, D ij (r n −r m ), the first order vanishes and we retain only the zeroth order,
B. Non-saturated two-level atoms
For simplicity, we consider from now on, two-level atoms with single relevant transition |g → |e whose dipolar matrix element d = de d is parallel to the xy plane, e d ⊥e z . Then, we can drop the indices i, j and any summation over them,
where the scalar quantities imply the projection on the dipole orientation e d (e.g.
We further assume that the illuminating laser is weak enough so that the atoms are far from saturation, leading to linearly-responding atomic dipoles, (σ niσ † (17) below]. Applying all the above to the equation forσ n in (2), we obtain,
iq·rn Ω q + i kz e ikzẑn δΩ kz,n (t). (10) The above equation can be transformed to 2D lattice-wavevector space,
with
The wavevector k ⊥ lies within the first Brillouin zone of the reciprocal 2D lattice (e.g. k x,y ∈ [−π/a, π/a] for a square lattice with spacing a). The discrete translational symmetry of an infinite lattice (practically, √ N 1, see below) was used here to find
C. Paraxial illumination
For the strongest mechanical effect we also assume that the incident beam propagates perpendicular to the array along z. More precisely, we assume that the beam is paraxial in the sense that, |q ⊥ | |q z | ≈ q = ω L /c, and approximate
where s = ± denotes right/left-propagating laser. Since the laser drives all excitations and motion in the system, the relevant atomic dipole modes,σ k ⊥ , and the relevant vacuum modes,â kµ , are also paraxial. We then use |k z | ≈ k = ω k /c for the vacuum fields, and
for the dipole-dipole interaction kernel. The interactioninduced cooperative shift ∆ and width Γ, are given by
where the last equality in the expression for Γ is valid for a < λ, a being the lattice spacing of the array [14] . Using the above simplifications in Eq. (11) and performing an inverse 2D Fourier transform back to real-space lattice representation, we obtain,
with the paraxial vacuum field, δΩ kns (t) = δΩ kz=sk,n (t). Returning to the equation forp n in Eq. (2), and considering Eqs. (7), (9) and the paraxial approximation, we havė
D. The renormalized atom
The first line of Eq. (15) displays an atomic dipole transition that is renormalized by dipole-dipole interactions with the rest of the atoms of the array, such that the transition frequency and width are supplemented by their cooperative counterparts ∆ and Γ from Eq. (14) [14] . Considering the assumption of non-saturated atoms, the corresponding condition for an atom n then reads
where P n e is the population of the excited state.
IV. COARSE-GRAINED DYNAMICS OF ATOMIC MOTION
We shall now take advantage of the separation of time scales between the external and internal atomic degrees of freedom (d.o.f), allowing to move to a simpler, coarsegrained dynamical picture, wherein at any given time-bin the fast internal d.o.f reaches a steady-state that determines the evolution of the slow external d.o.f. (adiabatic elimination of the internal d.o.f). The main assumptions are therefore the conditions for timescale separation in Eqs. (21) and (22) The latter describes the motion of the array atoms in the coarse-grained dynamical picture, and constitutes the main formal result of this paper, on which all subsequent analysis is based.
A. Separation of time scales
The relevant time-scale for the internal d.o.f can be read off the Eq. (15) to be
From the equation forp n in (16), we can infer that the light-induced forces are of order (1/τ s ) q z . Then, for a short evolution time T of the external d.o.f around some time t 0 , we can write,
where the last term accounts for the force due to the trap.
Coarse-graining time.
-In what follows, we wish to move to a coarse-grained dynamical picture with a time resolution T , with respect to which the internal d.o.f are fast and the external d.o.f are slow. We therefore choose T , such that within a time-bin T , the phase qẑ n does not change appreciably, whereasσ n does. In particular, we take the last two term in Eq. (19), of order T 2 , to be much smaller than 1/q while T τ s , which requires
with x 0n = /(2mν n ) being the zero-point motion in the traps [and usingẑ n (t 0 ) ∼ x 0n in the last term]. This condition can be satisfied by demanding
Here E R is the recoil energy due to the laser, which yields the effective time-scale of the laser-induced evolution of the external d.o.f. Therefore, coarse-grained dynamics with resolution T satisfying (20) , assumes the existence of the separation of time scales between the internal and external d.o.f, expressed in (21), which is indeed valid in most relevant cases [35] . Doppler effect.-The assumption (21) allows to neglect the third and fourth terms in (19) for an expression for qẑ n . The second term gives rise to the Doppler effect, which becomes weak if we further assume that q(p n /m)T 1, leading to
This condition entails a typically reasonable assumption on atom velocities bounded by ∼ λ/τ s [36].
B. Steady-state solution for internal d.o.f
Within any given time-bin T of the coarse-grained dynamics, the fast internal d.o.f reaches a steady-state, and, subsequently can be adiabatically eliminated. To find the steady-state solution for a given time t, we first formally solve Eq. (15) from an initial time t 0 to a final time t = t 0 + T . For T satisfying Eq. (20), we useẑ n (t) from
We now define the coarse-grained observable around time t = t 0 + T by
Performing this coarse-graining to both sides of Eq. (23), and neglecting terms of order [T (γ + Γ)] −1 in accordance with (20) , we find
Here we usedẑ n (t ) ≈ẑ n (t) (inside the integration) and p n (t 0 ) ≈p n (t) in accordance with the separation of timescales from (20) and (21) . The notation δ T ω k ,ω L signifies a Kronecker delta of width 2π/T around ω L , which means that the vacuum modes that are included in the noise term of the second line possess frequencies contained within a bandwidth of 2π/T around ω L . The phases e iskẑn of this reduced-bandwidth vacuum are correspondingly approximated as e iskẑn ≈ e isqẑn [37] . Considering the condition (22), we retain the dependence onp n to lowest significant order, by taking the first term in (25) up to linear order inp n , and to zeroth order in the weaker vacuum term, finally obtaining
Cooperative linear-response.-The first term of Eq. (26) describes the linear response of a renormalized atom n, with cooperative shift/width ∆ and Γ, to the s = ± propagating laser drive, Ω ns , and the corresponding vacuum field δΩ ns (t). The second term is the lowest-order correction due to the Doppler-effect, which is essential to obtain friction in the atomic motion (see below). The expression for the "filtered" vacuum noise, δΩ ns (t), is given by that of the usual vacuum noise δΩ ns (t) from Eq. (27) , but including a factor
to the atomic response. Considering the limited bandwidth of ω k around ω L , of order 2π/T γ + Γ within the coarse-grained picture, this filter factor is approximately equal to 1 so that δΩ ns (t) ≈ δΩ ns (t). In Eq. (27) however, we take the lowest-order correction, of order
γ+Γ , which is formally essential to guarantee proper quantum dynamics (see subsection D below).
C. Atomic motion
Performing the coarse-graining integration (24) also on Eq. (16) forp n , by again considering thatẑ n (t) is approximately unchanged within a time-bin T , we find [38]
isqẑn Ω ns + δΩ ns + h.c.
with δΩ ns from Eq. (27) and A nm from Eq. (7) (projected along the dipole orientation e d ).
Next, we insert the solution for σ n (t) from Eq. (26) into Eq. (28), noting the following. The second term in σ n (t), proportional top n , leads to friction of the mechanical motion. The resulting friction coefficient includes terms due to both the classical field and the quantum vacuum field. The latter terms lead to a lower-order effect of a random friction coefficient, which we neglect by retaining only the stronger contribution to friction arising from the classical field. By the consistency of the fluctuation-dissipation theorem, this means we should also keep only the lowest-order terms of the corresponding Langevin force. The resulting equation, Eq. (29), is presented and discussed in the next subsection.
D. Collective diffusive motion
The assumptions and considerations mentioned above, summarized in the end of this subsection, lead to the following collective diffusion equation for the atoms,
The different terms in the first line of the equation for p n represent the average forcef n (dipole force and dissipative force), the friction coefficient α n and the corresponding Langevin forcef n (t) (due to scattering), and the mutual "spring-constant" K nm (due to laser-induced dipole-dipole interactions). The two terms in the second line are usually negligible (see below) and represent the collective friction coefficientα nm and its corresponding collective Langevin forcef nm (t), both arising from cooperative scattering. General expressions for these terms and coefficients are given in Appendix B, to leading order in E R /( γ) and qẑ n (the latter assumed small for atoms that remain in the traps, of longitudinal extent ∼ λ). For laser illumination only from the left (right-propagating, Ω ns = Ω n δ s+ ), they are given bȳ
Here, we recall E R = 2 q 2 /m, and that The correlation function of the Langevin force is found directly by using the quantum Rabi fields δΩ ns (t), δΩ ns (t) from Eq. (27) inside the forcef n (t) and averaging with the vacuum state, yielding,
The second term, proportional to a derivative of a delta function, δ (t − t ), is a correction term originated in the second term of the noise δΩ ns (t) from Eq. (27) . If we neglect it and retain only the dominant first term, ∝ δ(t − t ), we get a delta-correlated Langevin force, which, although has a quantum origin (spontaneous emission), describes a purely classical Brownian motion: Since the correlation function is symmetric in t − t , it corresponds to a Langevin force with vanishing commutation relations, resulting in vanishing commutation relations for p n andẑ n . The correction term ∝ δ (t − t ) however, being antisymmetric, guarantees the preservation of the commutation relations, [ẑ n (t),p n (t)] = 1, throughout the dynamics [39] . We note that the Langevin forces at different atomic positions n are not independent, and that their correlation follows the spatial correlations contained in the vacuum field, with
which is independent of the Rabi frequency and identical for all atoms. We note that T e and α n have the same sign, that should be positive if we wish to interpret the effect of scattering as damping at a rate α n to a reservoir of temperature T e . This requires a red cooperative detuning, δ L − ∆ < 0. The two "collective diffusion" terms from the second line of (29) are given in Appendix B. They are weaker than their single-atom counterparts α n andf n since they are proportional to q(ẑ n −ẑ m ), and are neglected in the following. Therefore, collective phenomena and fluctuation-dissipation phenomena are both taken to their lowest orders, i.e. via K nm and α n (andf n ), respectively.
Relation to single-atom theories.-We note that Eqs. (29) and (30) are generalizations of similar expressions found for the motion of a single atom illuminated by a laser field [1, 40] . Here we treat instead, the motion of an ensemble of atoms around a 2D lattice configuration. The single-body coefficients likef n , α n and D n p , are similar to those obtained in the single-atom case in Ref. [1] , except that here the "bare", individual-atomic resonance, with detuning δ L and width γ, is replaced by that of the "renormalized" atom, with δ L − ∆ and γ + Γ. The collective force term K nm (along withα nm andf nm ) is of course totally absent in the single-atom treatments, such as that of Ref. [1] . However, it can be directly related to the known expression for the light-induced dipole-dipole potential between pairs of atoms [34] , upon the consideration of the array-renormalized atoms; see Appendix C for more details.
Summary of assumptions and approximations.-For completeness, we shall now briefly review the assumptions and approximations, detailed in the preceding sections, and that were used in order to arrive at Eq. (29): (i) Atomic motion is considered here only along the longitudinal z axis, assuming very deep trapping along the xy plane of the 2D array (Fig. 1a,b) ; (ii) We assume weak enough driving laser, such that the atoms are far from saturation, and respond linearly to light, Eq. (17); (iii) The amplitude of the atomic motion around the 2D array geometry is assumed to be small with respect to the operating wavelength, as in Eq. (6); (iv) The separation of time scales between internal (dipolar) and external (motional) degrees of freedom of the atoms, Eqs. (21) and (22) , is assumed to hold. Equation (29) is then written in a coarse-grained dynamical picture with time resolution T E R / , ν n (Eq. 20), fast enough to resolve the dynamics of the atomic motion; (v) For the strongest mechanical effect, paraxial illumination is assumed; (vi) We assume two-level atoms (starting from Sec. III B), with a transition dipole along the xy plane. (vi) The array is assumed to be effectively infinite (practically, √ N 1, see Sec. V B).
V. COLLECTIVE MECHANICAL MODES
In the previous section it was found that the motion of different atoms in the array is coupled via laser-induced dipole-dipole forces, as revealed in Eq. (29) and depicted by Fig. 1c . We now turn to study the structure, properties and dynamics of the collective mechanical modes formed by this laser-induced coupling.
Rewriting Eq. (29) in matrix form, and neglecting the weaker collective dissipative effectsf nm (t) andα nm , we havez
with the vector and matrix elements in the position-basis n, n ∈ [1, ..., N ] given by,
In order to analyze the mechanical normal modes of the system, it is sufficient to consider only the homogeneous, left-hand side of Eq. (33). In the absence of light, K nn = 0, the motion of different atoms is uncoupled. The "normal modes" of motion are then the individual coordinates of the atomsẑ n with "eigenfrequencies" ν n . When the atoms are illuminated, light-induced interactions are turned on, K nn = 0, and collective mechanical modes emerge. Ignoring the friction, the resulting normal modesẑ k with eigenfrequencies ν k are found by diagonalizing the Hermitian matrix ν 2 , aŝ As explained below, it turns out that in typical cases, the friction matrix α is approximately diagonal in the same basis, so that the eigenmodes of ν 2 can be effectively considered as the normal modes of Eq. (33) [and Eq. (29)].
In the following, we analyze different types of collective normal modesẑ k depending on the laser and array parameters.
A. Uniform illumination
Assuming uniform illumination Ω n = Ω and identical trapping frequencies ν n = ν 0 for all atoms, the discrete translational symmetry of an effectively infinite array can be exploited. The normal modes are then 2D lattice Fourier modes,ẑ 
with n = 0 denoting the central atom in the array at r
, and where the sum in K k ⊥ can be obtained numerically using K nm from (30) .
The collective mechanical spectrum ν k ⊥ is plotted in Fig. 2a at cooperative resonance δ L = ∆, for a square array with lattice spacing a = 0.5λ and trap frequency ν 0 ≈ 10.8E R / . The chosen trap frequency corresponds to realistic optical-lattice trapping with a longitudinal confinement (trap size or period along z) l ≈ 0.68λ (≈ 532nm for Rb87), trap depthṼ = V /E R = 200, and resulting Lamb-Dicke parameter η ≈ 0.21, via the relations
where x 0 denotes the zero-point motion in the trap. For a laser drive of Ω = 0.25γ, we observe in Fig.  2a significant deviations of ν k ⊥ from the individual-trap frequency ν 0 , implying the importance of collective mechanical effects. In particular, we note the high-spatialfrequency modes around (k x , k y ) = (π/a, π/a) (yellow region) where strong dipolar interactions at short range a ∼ λ/2 give rise to an energy (frequency) cost of about 0.25ν 0 above the individual-trap frequency ν 0 . The modes around (k x , k y ) = (π/a, 0) [or (k x , k y ) = (0, π/a)] (blue regions), however, involve also longer length scales for which the oscillatory dipole-dipole kernel may change sign [c.f. Eq. (A4)], leading to a substantial decrease in energy cost. In contrast, for the low frequency modes around (k x , k y ) = (0, 0), the atoms move in a uniform fashion, such that their mutual interaction energy vanishes, leading to an eigenfrequency identical to ν 0 .
B. Realistic finite-size array
In order to exploit the discrete translational symmetry of the array for the calculation of both the internal d.o.f in Eqs. (11), (26) , and the motion in Eq. (36), we had to assume that the array is infinite. Such infinite-array solutions are typically valid for atoms far enough from the edges of the array (considering the effective finite range of the interactions), whereas they fail to describe well the dynamics of atoms at the edges. Therefore, we consider two typical situations wherein our infinite-array description should be applicable: (i) The case of focused illumination, where atoms in the center are driven whereas those at the edges are effectively not excited. This situation is treated in the subsection below, and has previously shown excellent agreement with infinite-array theory for scattering calculations [14] . (ii) For a large enough array, √ N 1, the atoms at the edges comprise a small fraction of the total number of atoms. Then, for the description of collective modes, which by definition involve many atoms, most contribution comes from the "bulk" atoms far from the edges, which are faithfully described by the infinite-array approximation.
When the latter criterion, of a large array √ N 1, is satisfied, we therefore expect the infinite-array description to hold even at uniform illumination. In order to verify this, we consider a finite array of N = 16 × 16 atoms, with the same array and trapping parameters as in Fig. 2a . The illuminating laser is taken as a Gaussian beam,
with a waist w = 3000λ much wider than the array and with Ω = 0.25γ, so that it reproduces the uniform illumination from 
C. Focused illumination and gapped modes
Consider now an illuminating Gaussian beam [Eq. (38)] with a waist w that is narrower than the array size. Such a focused beam mostly excites the atoms within a radius w from the center of the array (at r ⊥ = 0) so that laser-induced interactions, and hence collective modes, are built almost only between these central atoms. As an example, we plot in Fig. 3 , the eigenfrequencies ν k and a few eigenmodesẑ k , for an array of N = 10 × 10 atoms, again with a = 0.5λ and ν 0 ≈ 10.8E R / , with the beam waist and central Rabi frequency being w = 2.4λ and Ω = 0.25γ. Since the array is finite and interactions are strong at the center, most of the atoms do not participate in forming collective mechanical modes. This explains the many modes around k = 50 with an eigenfrequency close to ν 0 observed in the spectrum ν k in Fig. 3 . As seen for example in the spatial profile of the mode k = 60, these modes involve almost exclusively the atoms that are beyond the beam waist, and hence they are essentially non-interacting and equivalent to individual-atom "modes". In contrast, the modes that involve atoms from the center, and especially those which resemble the highest spatial-frequency Fourier modes, such as k = 100 and k = 99 exhibit large cooperative effects. Their eigenfrequencies ν k are different from ν 0 and they may develop significant spectral gaps due to the finite size of the array (e.g. 0.062ν 0 between k = 100 and k = 99). Therefore, a mode such as k = 100 becomes "rigid" in the sense that it is spectrally separated from all other modes; that is, it may be possible to selectively excite it via a proper temporal modulation to laser intensity (corresponding to a modulation of the driving radiation-pressure force).
D. Unstable modes
An interesting manifestation of the collective aspect of atomic motion is the formation of unstable mechanical modes for certain laser and array parameters. Referring back to the intuitive spring model from Fig. 1c , unstable modes are formed when the interactions K nm result in a strong enough overall "repulsion" from the equilibrium position z n = 0, that overcomes the individual trapping potential ν n . Such a situation is enabled by the fact that the dipole-dipole interaction kernel F nn from Eq. (A4) is oscillatory and can change sign. Mathematically, this is seen by the matrix ν 2 nn from Eq. (34): when its diagonal elements become negative, this could potentially lead to imaginary eigenvalues ν k and hence instability. This requires the existence of positive "spring constants" K nn , namely that the force between atoms n and n is repulsive, so that the overall sum on atoms n is positive. As an example, by looking at Fig. 3 , where no unstable modes exist, we conclude that for a = 0.5λ and the conditions considered therein, there is an overall "attraction" and hence stability. Changing only the lattice spacing to a = 0.8λ however, is already sufficient to give rise to unstable modes: This lattice spacing is large enough to cause sign changes in the kernel K nn for nearest neighbors, which give the most significant contribution to the force. This is seen in Fig. 4 for a = 0.8λ, where the rest of the parameters are kept the same as in Fig. 3 . The most unstable modes are those where interactions are most significant, i.e. the most spatially modulated modes. For smaller Rabi frequencies fewer modes become unstable. This behavior also exists for uniform illumination: Changing the beam waist to w = 3000λ with the same parameters as in Fig. 4 , we also find that the unstable modes are the highest 2D-lattice Fourier modes.
FIG. 4:
Unstable modes: due to their oscillatory spatial dependence, laser-induced dipolar interactions can change sign and lead to unstable modes, wherein ν k are imaginary. For the same parameters of Fig. 3 , and changing only the lattice spacing to a = 0.8λ, we observe the formation of collective unstable modes, primarily at high spatial modulations (e.g. the modes k = 1).
E. Dynamics of the collective modes
Returning to the dynamical equation (33), we note that the role of the driving laser is two fold: First, it leads to the formation of the collective mechanical modes, i.e. the eigenmodes of the homogenous left-hand side of the equation, via laser-induced interactions; and second, it drives these same modes, via the average radiation pressure and Langevin noise at its right-hand side. Writing Eq. (33) in the eigenmode k basis of ν 2 via the transformation from Eq. (35), we havė
Here we neglected the off-diagonal friction α kk ≈ α k δ kk . We verify numerically for a variety of array and laser parameters that these off-diagonal elements are indeed substantially smaller than the diagonal ones α k , which are in turn much smaller than the eigenfrequencies ν k close to cooperative resonance. As noted above, it is the spatial profile of the laser that both determines the modes k, and also the strength of their driving, via their spatial overlap with the laser forcing,f k .
The resulting collective diffusive dynamics is found by moving to shifted collective coordinatesẑ k =ẑ k − f k /(mν 2 k ), and solving for the set of two linear differential equations (39), finding,
Together with the transformation U kn to position-basis, Eq. (35), the initial zero-point motion in the traps ẑ n (0)
0n (x 0n being the zero-point motion in the trap n), and the Langevin-force correlation function, Eq. (31), the statistics of the motion can be fully determined. This is demonstrated in the next section for the case of the estimation of heating of the irradiated atoms.
VI. EXAMPLE: HEATING OF THE ATOMS
As mentioned in the Introduction, ordered atomic arrays were recently considered as a promising platform for quantum optics, relying on their cooperative dipolar response [14] [15] [16] [17] [18] [19] [20] [21] [22] . Specific applications of 2D arrays, such as nearly-perfect reflectors [14, 15] , or efficient quantum memories [19] , involve normal incident light near cooperative resonance, δ L ≈ ∆, where the mechanical effect of light is maximized. In particular, resonant light may heat the atoms, so that they could escape the traps, effectively "melting" down the 2D array. In the following, we apply the formalism developed above, in order to estimate the heating and resulting motion of the atoms. Considering continuous laser drive, and depending on the detuning from cooperative resonances and the trap depth, we discuss the conditions for the thermalization of the atoms inside the traps. For cases where the atoms escape the traps before thermalization, we estimate the escape time, at which the atom array effectively melts down, and the total number of photons reflected by the array until this time.
For simplicity of the presentation, we neglect in the following the effect of the dipole-dipole forces, K nm , on the calculation of averages and variances of the motion, z n . This should be valid for sufficiently weak laser drive (where K nm < mν 2 n ), and should suffice for a rough estimation of the heating. While this means that the formation of the mechanical collective modes becomes irrelevant for the analysis below, collective effects still take significant part due the renormalized atomic response.
Setting K nm = 0 in Eq. (29) (and ignoring its negligible second line), the solution forẑ n (t) is given by Eq. (40) with the normal mode index k replaced by the atom index n. The mean and variance ofẑ n are then found by performing averages with the initial ground-state of the trap and the vacuum for the field, using ẑ n (0)
and Eq. (31) [neglecting the small
Below, we discuss two distinct scenarios, wherein the atoms either equilibrate within the traps, or escape the traps before equilibration (the effectively frictionless case).
A. Thermalization case
The atomic motion reaches a steady-state provided that the friction α n is positive. This requires red-detuned light with respect to the cooperative resonance, δ L < ∆ [c.f. Eq. (30)]. At times much longer than the equilibration time, t 1/α n , the dynamics reach steady-state and the average motion from Eq. (41) become a static shift,
In the last equality, we assumed identical traps ν 0 with corresponding Lamb-Dicke parameter η [Eq. (37)], and used the expressions forf n and Γ from Eqs. (30) and (14), respectively. For tight enough trapping, the LambDicke parameter η is small, which can make the shift z n much smaller than a wavelength, so that the average motion is contained inside the trap (of length l ∼ λ). For example, for the array parameters considered above, with a = 0.5λ, γ/E R ≈ 810 (e.g. for Rb87) and η = 0.21 (corresponding to potential depth V = 200E R and trap size/length of l = 0.68λ), we obtainz n /λ ≈ 1.07P n e , which is very small for non-saturated atoms, P n e 1, as assumed above.
For the variance at equilibrium, t 1/α n , we obtain form (41),
Considering the very reasonable assumption ν n α n , valid for non-saturated atoms in the Lamb-Dicke regime [c.f.
Eqs. (30) and (37) 
This equipartition relation shows that the steady-state is a thermal equilibrium with the expected temperature T e of the effective scattering bath. This result is valid provided that the harmonic approximation for the potential holds, restricting the temperature to be sufficiently smaller than the potential depth V . In contrast, for T e V , the atoms escape the trap before they reach equilibrium, as further discussed in the next subsection.
As explained above, for the atoms to remain in the traps and equilibrate at a finite temperature T e , the laser has to be off cooperative resonance, δ L − ∆ < 0.
Larger detunings |δ L − ∆| entail smaller temperatures, which are useful for satisfying T e < V . On the other hand, interesting effects, such as strong reflectivity r = − i(γ+Γ)/2 i(γ+Γ)/2+δ L −∆ [14] , occur near cooperative resonance. One compromise could be to consider cooperative detunings close enough to resonance, |δ L − ∆| γ + Γ. For example, considering the a = 0.5λ array from Fig.  2 , with δ L − ∆ = −(γ + Γ)/4, we find |r| 2 = 0.8 and T e = 506E R . Increasing V to exceed T e (from 200E R in Fig. 2) , does not change the spatial profile of the collective modes or the shape of their spectrum ν k from Fig.  2 . However, it does reduce the contrast of this spectrum: e.g. for V /E R = 1000 the maximal (minimal) ν k /ν 0 becomes 1.06 (0.93). This is since the "spring-constants" ratio, K nm /(mν 
B. The effectively frictionless case
Consider now the case where the friction is negligible with respect to all other time-scales, namely, that α n ν n , 1/t e with t e being the duration of the experiment. This situation becomes exact at the cooperative resonance δ L = ∆, where the friction is identically zero. In practice, however, this effectively frictionless case describes the situation where the atoms escape the traps before thermalization, which is expected to occur for intermediate depth of the trapping potential, T e V (this is in contrast with an escape process activated by temperature, which occurs after thermalization [41] ). When friction is negligible, α n → 0, the effective temperature of the "scattering bath" is infinite, T e → ∞, c.f. Eq. (32), so that thermal equilibrium is never reached and the atoms are constantly heated.
Taking α n = 0 and henceν n = ν n in Eq. (41), the average motion becomes oscillatory, ẑ n (t) = z n [1 − cos ν n t], with the peak-to-peak amplitudez n from Eq. (42), typically contained inside the trap.
Turning to the variance, we obtain from Eq. (41) in this case (with identical traps ν n = ν 0 )
Here
) is identified as an effective diffusion constant for the atom n. The last approximate equality is valid for times longer than the trap oscillation, t 1/ν 0 , and long enough for the variance to grow larger than the initial zero-point motion x 2 0 . We can define the escape time τ n esc to be that where the position fluctuations Var[ẑ n ](t) reach λ,
Assuming a trap size to be on a wavelength scale, the escape time then provides a time scale for the "melting" of the atom array, when the atoms escape the traps, and the mirror effect does not work anymore. It also gives a time scale at which our small-amplitude assumption, Eq. (6), breaks down.
For an experiment where the reflection of light for the atom mirror is detected, it is therefore possible to estimate the total number of reflected photons as follows. Assuming perfect reflection (i.e. at cooperative resonance δ L = ∆), the number of reflected photons is equal to the number of photons that hit the array before it melts. This number can be estimated by considering the power of the incident Gaussian beam, W = (π/2)w 2 cε 0 |E 0 | 2 (E 0 = Ω/d being the field at the center), times the escape time τ n esc (with Ω n = Ω for an atom at the center), and divided by the energy of an incident photon, ω L = qc, yielding
where w is the waist of the incident Gaussian beam. To obtain a large signal, the above expression suggests favorable scalings for small lattice spacing and large beam waist (within the array size). Moreover, the η −4 ∝ V scaling (V being the trap depth), which appears also in the average motion (42) , is favorable in the LambDicke regime, η 1, that is assumed here. For example, for an illuminating beam of waist w = 4λ, and taking the a = 0.5λ array parameters from Fig. 2 , we find n esc ≈ 27000 photons, with a potential depth as low as V = 200E R (recalling n esc ∝ V ).
VII. DISCUSSION
We developed an analytical formulation for the collective light-induced motion of atoms in a 2D array, relevant for typical optical-lattice systems in free space. This formalism can be seen as a generalization of the single-atom theory [1] , to the case where resonant collective effects are significant, and taking advantage of the spatial lattice order of the atoms. We found the formation of lightinduced collective mechanical modes of the array atoms, and analyzed their properties, such as the spectrum, stability and spatial structure, all of which determined by the incident light. These collective mechanical effects are predicted for atoms optically-trapped in free space, and are most significant for illumination close to the atomic resonance (more precisely, the cooperative dipolar resonance of the array). This is in contrast to previous studies of light-induced collective motion, which mainly focused on either atoms in confined geometries or on far off-resonant illumination [23] [24] [25] [26] [27] [28] [29] [30] .
The above formalism should be useful for the study and estimation of atomic motion in optical lattices, especially in situations where its collective aspects, which are typically neglected, become important. This should be the case for light frequencies closer to resonance, and smaller lattice spacings. In particular, considering the recent theoretical studies of various resonant cooperative dipolar effects in 2D atomic arrays [14] [15] [16] [17] [18] [19] [20] [21] , the estimation of these effects in any practical experimental scenario may require to consider the role of motion. As an example, we have estimated here the light-induced thermalization or"melting" rate of an atom array, and their effect on the observability of the reflected light.
In this respect, our formalism opens the way to the study of optomechanics of 2D atomic arrays. These arrays should exhibit strong nonlinear optical response induced by an optomechanical mechanism: Light that is incident on the array induces the motion of its atoms, described by Eq. (29) , which in turn modifies the optical response of the array (e.g. its reflectivity) due to its strong dependence on the atomic positions and array geometry. Such a mechanism can lead to new quantum optomechanical effects.
where G ij (s) = 2λG ij (s = qr) and s i = e i · s. For i, j = z, which is the relevant case for atoms that are polarizable only along the xy plane, the last line of Eq. (A3) vanishes and we can writê 
Considering the assumption q|ẑ n −ẑ m | 1 from (6), we further approximatê The collective force K nm (z n − z m ) between a pair of atoms n and m, can be intuitively derived as follows. The light-induced potential between a pair of two-level atoms linearly-driven by a far-detuned plane-wave laser is given by [34] 
where ∆ nm is the resonant dipole-dipole interaction between the atoms, which is the imaginary part of D ii (r ⊥ nm ) considered above [c.f. Eq. (14)]. An intuitive way to understand this formula is to write it as U nm ∝ Iα n α m G nm , namely, the interaction is proportional to the intensity of the laser I, to the polarizabilities of atoms α n,m (their linear response to the laser), and the photon Green's function between the atoms. In our case, Eq. (C1) has to be slightly modified as follows: (1) We allow to work on resonance, so δ 2 L in the denominator should be replaced by δ 2 L + (γ/2) 2 ; (2) The linear responses of individual atoms have to be replaced by those of the array-renormalized atoms, leading to the replacements δ L → δ L − ∆ and γ → Γ + γ; (3) In our case the laser is propagating normal to the array such that q·r nm = 0 and the cosine gives 1. Applying these replacements, the force between a pair of atoms along z is found by differentiating U nm with respect to z, as in Eq. (5), yielding the force K nm (z n − z m ) from Eq. (30) . So, this force just originates from the laser-induced dipole-dipole potential U nm between the renormalized atoms n and m.
